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We present a set of localized states for an even number of Dirac fermions under Einsteinian gravity
that have an infinite central redshift. Near the center of the localized state the components of the
Dirac spinor and the spacetime metric all show simple power-law dependences on the radial distance;
further out the fermionic wave function decays to zero and the spacetime becomes asymptotically
flat. We show that this ‘central’ solution of the equations of motion can be used to understand
much of the structure observed by Finster, Smoller, and Yau [Phys. Rev. D 59, 104020 (1999)] in
their numerical solutions of the same problem at finite central redshift.
I. INTRODUCTION
Twenty-one years ago, in an important paper [1], Fin-
ster, Smoller, and Yau (henceforth FSY) formulated the
problem of two Dirac fermions coupled to Einsteinian
gravity. Their stated intention was to treat this as a
model problem in which the interplay of the Heisenberg
uncertainty principle and the mutual gravitational at-
traction of the fermions could be explored. This was
followed by a string of papers that developed the the-
ory by including electromagnetic effects [2], angular mo-
mentum [3, 4], and Yang-Mills interactions [5]. On the
face of it, this approach has a clear deficiency: the grav-
itational sector is treated classically, an approximation
whose conditions of validity are not obvious. Nonethe-
less, one might hope that this kind of analysis can at least
exhibit the basic phenomena to be expected when quan-
tum particles bind gravitationally, and it is possible that
phase space restrictions — rather than a small parame-
ter analogous to QED’s fine structure constant — might
reduce the importance of quantum-gravitational correc-
tions, at least for the low-lying states. Indeed, forty years
prior, Brill and Wheeler [6] had already considered a clas-
sical coupling of gravity and quantum mechanics in or-
der to describe neutrinos, and later Lee and Pang [7, 8]
modeled fermion soliton stars, very similar to the FSY
system, by again coupling general relativity to quantum
mechanical quantities.
FSY’s approach was to couple Einsteinian general rel-
ativity to Dirac’s relativistic quantum mechanics. They
focused on the problem of two identical Dirac fermions
in a spin-singlet state, which allowed them to look for so-
lutions in which both the fermion density and the space-
time metric were functions of only the radial coordi-
nate, r. They reduced this problem to a set of coupled
ordinary differential equations for four fields: α(r) and
β(r), roughly the particle-like and hole-like parts of the
Dirac spinor, and A(r) and T (r), roughly the length-
contraction and time-dilation factors from the spacetime
metric. Importantly, they imposed particular conditions
on their solutions to these equations:
(i) that the two-fermion wave function be normalized;
(ii) that the spacetime be asymptotically flat as r →
∞;
(iii) that all four fields behave regularly at r = 0.
As applied to T (r), this last assumption amounts to re-
quiring that the localised state’s central redshift
z ≡ T (0)− 1 (1)
be finite. FSY found distinct one-parameter families of
solutions, one for the ground state with n = 0 and one
for each of the excited states with n > 0 nodes in the
fermion fields. The solutions within each family may be
parameterized by their central redshift z, which sets the
central value of the time-dilation field T (0) = 1 + z at
r = 0. Along this sequence of solutions, the fermion mass
m, fermion energy ω, the ADM mass M , and the soliton
size R all depend on the central redshift z.
As z increases, FSY’s numerical solutions appear to
‘home in’ on a particular solution with infinite redshift,
and with m, ω, M , and R showing damped oscillations
around well-defined asymptotic values. The asymptotic
value of the ADM mass, M , at high central redshift is
greater than the rest masses of the two fermions, 2m,
meaning that high-redshift states are energetically un-
bound and unstable to fission; nonetheless, high-redshift
states remain worthy of study both as a well defined limit
of the FSY problem and as a resonance potentially ob-
servable in scattering experiments. In this paper, we an-
alyze the FSY equations from this point of view. By
exploring this special infinite red-shift solution, we can
“re-assemble” the original FSY system and illuminate
an underlying 4-zone structure of the solutions that was
hitherto obscured by their numerical nature.
The paper is organised as follows. In Section II, we
recap the derivation of the FSY equations, generalizing
from the two-fermion case to that of an arbitrary even
integer number of fermions. In Section III, we show an-
alytically that, if we relax all three of FSY’s boundary
conditions and in addition set the fermion mass m to
zero, the FSY equations then admit a solution in which
all fields are power-law functions of r.
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2In Section IV, we restore the fermion mass, which al-
lows us to reinstate boundary conditions (i) and (ii). We
show that in this case one can still find numerically an
infinite-redshift solution that resembles the pure power-
law solution in an ‘inner zone’ at small values of r, before
crossing over into an ‘outer zone’ at larger r in which the
fermion density decays exponentially and the spacetime
metric tends to the Schwarzschild form.
In Section V, we look at higher-lying excited-state so-
lutions in which the fermionic fields have more zeros, and
show that in this case there are three zones: a power-law
zone resembling the analytic solution from section III; a
‘wave zone’ that looks approximately like non-relativistic
particles trapped in a gravitational potential well; and an
outer zone that resembles the one found in section IV.
In Section VI, we reintroduce condition (iii) — regu-
larity of the field T (r) at the origin — and show that this
inserts a fourth ‘core’ zone near the origin which matches
on to the power-law zone at a value of r that we esti-
mate. The core shrinks to zero in the high-redshift limit
in which the FSY solutions spiral around and converge
onto our infinite-redshift solution.
In Section VII, we analyze the stability of the power-
law solution to the perturbations caused by imperfect
matching to the core-zone solution. We establish a strong
link between these perturbations and the spiral charac-
teristics of figures for the binding and gravitational en-
ergy in the original FSY paper. In Section VIII, we dis-
cuss how the physical properties of the fermions differ
between different zones of the solutions, concentrating on
the fermion energy density and the radial and azimuthal
pressures. Finally, in Section IX, we summarize our re-
sults and discuss possible directions for further work.
For convenience, we will sometimes refer to these
‘particle-like’ stationary localised states as ‘solitons’, as
they are localised solutions of non-linear equations, some
of which are energetically bound relative to the infinitely
dispersed configuration of the constituent fermions.
Note, however, that time-dependent studies of their col-
lisions have not yet been performed.
II. FSY’S EQUATIONS OF MOTION FOR
TWO-FERMION GRAVITATIONALLY
LOCALISED STATES
The physical system considered by Finster, Smoller,
and Yau in their 1999 paper [1] is a pair of neutral
fermions, each of mass m and spin j = 1/2, in a de-
formable spacetime governed by Einstein’s general theory
of relativity. This two-fermion case can be easily gener-
alized to the case of an arbitrary even integer number
N = 2 j + 1 of fermions filling the shell of states with
angular momentum j to form a spherically symmetric
singlet state. The action for this system is
S =
∫
d4x
√−g
(
R
16piG
+
N∑
a=1
ψa
(
/D −m)ψa) . (2)
Here g is the determinant of gµν , the metric tensor of
the deformable spacetime; R ≡ Rµµ is the Ricci scalar;
G is the gravitational constant; ψa is the Dirac spinor of
fermion a; and
ψa = ψ
†
a γ
0 = ψ†a diag (1, 1,−1,−1) (3)
is the adjoint spinor. /D ≡ iGν Dν is the Dirac operator;
in a curved space-time the Dirac matrices, Gν , satisfy
the anticommutation relation [9]
{Gµ, Gν} = 2 gµνI, (4)
where I is the 4× 4 identity matrix.
We follow FSY in assuming a static, spherically sym-
metric form for the metric tensor of the spacetime. With
spacetime coordinates xµ = (t, r, θ, φ), the metric’s co-
variant components are
gµν = diag
(−T−2, A−1, r2, r2 sin2 θ) , (5)
where T (r) and A(r) are functions of r only. Here and
henceforth we adopt units in which ~ = c = 1.
In writing (2) we have assumed that the N fermions
are in a Slater-determinant (Fock) state in which each of
the single-particle states in a given angular momentum
shell is occupied precisely once. The FSY ansatz for the
single-particle wave functions is given by
Ψ±j k ω = e
−i ω t
√
T (r)
r
(
α±j ω(r)
i β±j ω(r)
)
χkj∓1(θ, φ) , (6)
where −j ≤ k ≤ j is the z component of the angular
momentum j, ± is the parity (chirality) of the state.
The real functions α±j ω(r) and β
±
j ω(r) define the radial
structure of the particle-like and hole-like components,
respectively, while the 2-spinors χk
j± 12
(θ, φ) give the an-
gular dependence of the wavefunction (an explicit expres-
sion for which can be found in Appendix A). The general
solution to the Dirac equation is then written as a linear
combination of these wavefunctions.
Extremising the action S under these assumptions
about the Dirac and metric fields, we obtain the follow-
ing set of four coupled ordinary differential equations for
the fermion fields α and β and the metric fields A and T :
√
A
dα
dr
= +
σN
2 r
α− (E +m)β , (7)
√
A
dβ
dr
= −σN
2 r
β + (E −m)α , (8)
r
dA
dr
= 1−A− 8piGT N E (α2 + β2) , (9)
2 r A
T
dT
dr
= A− 1− 8piGT N ×(
E (α2 + β2)− σN αβ
r
−m (α2 − β2)
)
. (10)
Here N = 2 j + 1 is the (even) number of fermions that
occupy the filled shell with angular momentum j, σ = +1
3for even and −1 for odd parity states, and the ‘local
fermion energy’ E(r) is defined as
E(r) ≡ ω T (r) . (11)
Equations (7)-(10) form a system of coupled first-
order, non-linear ordinary differential equations in the
two metric and two fermion fields, with parameters N ,
σ, m and ω. Such equations rarely have analytic, closed
form solutions; nonetheless, we have identified a family
of solutions for a reduced problem that displays exactly
these qualities.
III. A PURE POWER-LAW SOLUTION OF THE
FSY EQUATIONS
In the case where the fermion mass m can be neglected
(or indeed is actually zero), we obtain the following equa-
tions of motion:
√
A
dα
dr
= +
σN
2 r
α− ω T β , (12)
√
A
dβ
dr
= −σN
2 r
β + ω T α , (13)
r
dA
dr
= 1−A− 8piGN ω T 2 (α2 + β2) , (14)
2Ar
T
dT
dr
= A− 1− 8piGT N × (15)(
ω T (α2 + β2)− σN αβ
r
)
.
These equations have a power-law solution of the form
α = αp r, β = βp r, A = Ap, T =
Tp
r
, (16)
with the coefficients αp, βp, Ap, and Tp given by
α2p =
ω
12piGσN2N−
,
(
βp
αp
)2
=
N−
N+
, (17)
Ap =
1
3
, Tp =
N
ω
, (18)
where we define N± ≡ σN
2
±√Ap and
N ≡ (N+N−)1/2 =
(
N2
4
− 1
3
)1/2
. (19)
Note that while T (r) is dimensionless, Tp is the radius
at which the power-law T (r) = Tp/r = 1. The fermion
number density is
η =
N
(
α2 + β2
)
T
r2
=
1
12piN Gr
. (20)
This power-law solution might be considered unphys-
ical in two senses. First, the solution is singular at the
origin, where the gravitational redshift T (r)− 1 and the
fermion number density η(r) both diverge as 1/r. Sec-
ond, the normalization integral for the fermion wave func-
tion,
4pi
∞∫
0
(
α2 + β2
)
T dr√
A
= lim
r→∞
r2
32G
(
1− 4
3N2
)1/2
,
(21)
diverges at large r, and hence the state is not normaliz-
able. Despite these concerns, we shall show in the follow-
ing sections that this pure power-law solution is nonethe-
less a good starting point for understanding the complete
set of solutions of the FSY equations of motion (7–10).
IV. AN INFINITE-REDSHIFT SOLUTION
WITH AN ASYMPTOTICALLY FLAT
SPACETIME
To examine the relationship of our singular infinite-
redshift solution to the regular localised states obtained
by FSY, we begin by restoring a non-zero fermion mass
m, which enables us to enforce the normalization of the
fermion wave function, i.e. that the integral (21) should
be unity. This yields a solution that initially has two
zones: an inner, ‘power-law’ zone (r . R), where ω T >
m and the fermion and metric fields take the power-law
form (16); and an outer, ‘evanescent’ zone (r & R), where
ω T < m causes the fermion fields to decay exponentially,
allowing the metric fields to approach the Schwarzschild
form,
A =
1
T 2
= 1− 2GM
r
, (22)
where M is the ADM mass of the localised state. Like-
wise, the fermion fields approach the asymptotic form
α
α∞
→
( r
a
)b
e−r/a ,
β
α∞
→
√
N−
N+
( r
a
)b
e−r/a ,
(23)
where the exponential scale length a and power-law index
b are given by
1
a2
= m2 − ω2 , b = GM
a
(
ω2 a2 − 1) . (24)
(Appendix B gives the next-order term in the large-r ap-
proximations to α(r) and β(r).) The transition between
these zones occurs at a radius R, where ω T (R) = m,
which can be estimated
mR ≈ ω Tp = N . (25)
Because we need to fine-tune the fermion frequency ω
to avert a large-r runaway of the fermion fields, and thus
divergence of the normalization integral (21), such solu-
tions must be obtained numerically. We use a shooting
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FIG. 1. Left: An infinite-redshift solution for N = 2 fermions localized in an asymptotically flat spacetime. The parameters
are (z,m, ω,M) = (∞, 0.41508, 0.34522, 1.01079). Right: A finite-redshift (z = 20028) solution for N = 2 fermions in an
asymptotically flat spacetime, with parameters (z,m, ω,M) = (20, 027, 0.41507, 0.34521, 1.01076). Upper panels: Particle-
like (α) and hole-like (β) parts of the one-fermion wave function. Lower panels: Time-dilation (T ) and length-contraction (A)
metric parameters. Black dots mark the points at which the numerical solutions are matched to analytic large-r asymptotic
expansions. Vertical dotted lines mark the transition radii at R ∼ ω Tp/m between the power-law and evanescent zones, at the
point where ω T (r) = m, and for the finite-redshift solution at r0 = Tp/ (1 + z)  1 between the core and power-law zones.
Note that A = 1 and T = 1 + z ≈ 2× 104 in the core, transitioning to A = 1/3 and T ≈ 1/r in the power-law zone.
method to find ω and rescaling of the fields and parame-
ters to impose the normalization, similar to the method
outlined in FSY (see Appendix B for details).
The left-hand panels of Fig. 1 show the fermion and
metric fields for such a solution, in this case the lowest-
energy two-particle state. The transition radius R be-
tween the inner power-law zone and the outer evanescent
zone is marked by a vertical dotted line, and a black dot
on each curve marks the radius at which we match the
numerical solution onto large-r asymptotic expansions.
V. INFINITE-REDSHIFT SOLUTIONS WITH
MULTIPLE ZEROS IN THE FERMIONIC WAVE
FUNCTION
As in the case of the finite-redshift solutions studied
by FSY, the infinite-redshift solutions form an excitation
spectrum of which the solution on the left of Fig. 1 is
the ground state. While the ground-state solution has
only two zones (power-law and evanescent), the associ-
ated excited-state solutions also exhibit a ‘wave zone’ in
between the power-law and evanescent zones. In this
wave zone the fermion wave function exhibits oscilla-
tions qualitatively similar to those that would be seen
in the excited states of a non-relativistic quantum par-
ticle confined by a linear potential. An example of such
an excited-state solution is shown in the left-hand panels
of Fig. 2, with the boundaries between the three zones
marked by vertical grey dashed lines. In this example, 3
zeros of α(r) alternating with 3 of β(r) occur in the wave
zone inserted between the inner power-law zone and the
outer evanescent zone. This corresponds to a counter-
clockwise circulation in the (α, β) plane, as seen in Fig. 3.
The transition from power-law to oscillatory behavior
occurs at the transition from high to low redshift, roughly
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FIG. 2. As in Fig. 1, solutions for N = 2 fermions localized in an asymptotically-flat spacetime, but now for an
excited state with n = 6 fermion wavefunction nodes, 3 zeros of α(r) alternating with 3 of β(r), forming a wave
zone between the power-law and evanescent zones. Left: An excited-state infinite-redshift solution, with parameters
(z,m, ω,M) = (∞, 1.02837, 0.93877, 2.09894). Right: An excited-state finite-redshift solution with parameters (z,m, ω,M) =
(18246, 1.02824, 0.93866, 2.09914). Upper panels: Particle-like (α) and hole-like (β) parts of the one-fermion wave function
(dashed lines indicate negative values of the functions) . Lower panels: Time-dilation (T ) and length-contraction (A) metric
parameters. Black dots mark the points at which the numerical solutions are matched to analytic large-r asymptotic expansions.
Vertical dotted lines mark the transition radii between the core, power-law, wave and evanescent zones.
at r ∼ Tp. We estimate the transition radius as
rw ≈ 1
m
(
N
2
(
αp
βp
)σ
− σ ω Tp
)
=
1
m
(
N + 2/
√
3
3N − 2√3
)
.
(26)
This is the first peak of α if σ = +1, or of β if σ =
−1, which marks the boundary between the power-law
and wave zones in our figures. In these excited states,
the wave zone occurs because the increased ω relative to
the ground state allows the highly-relativistic power-law
zone, with T  1, to become sub-relativistic, with T ∼ 1
and ω T > m, before entering the evanescent zone, where
ω T < m. The oscillatory behavior in the wave zone can
be deduced from the Dirac equations (7)-(8) in the limit
r  1:
√
A
dα
dr
≈ −(E +m)β , (27)
√
A
dβ
dr
≈ +(E −m)α . (28)
Both metric fields A(r) and T (r) tend to unity for large r
and so, qualitatively at least, the above equations can be
seen as an oscillator system so long as E(r) ≡ ω T (r) >
m. The radius outside which this happens defines the
boundary between the oscillatory and evanescent behav-
ior of the wavefunction. In the wave zone, the fermion
fields circulate in the (α, β) plane, with a radial wave
number
k(r) =
(
E(r)2 −m2
A(r)
)1/2
, (29)
tracing an ellipse whose aspect ratio becomes more flat-
tened as r increases, as shown in Fig. 3.
For the ground state (n = 0) and these excited states
(n > 0), the quantum number n counts the number of
times the fermion fields cross the α and β axes in the
wave zone before their exponential decay after crossing
into the evanescent zone, where E(r) < m. The example
in Fig. 2, with 3 zeros of α and 3 of β, is the excited state
with n = 6. We note that n is even for σ = +1 and odd
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FIG. 3. Trajectory in the (α, β) plane for the N = 2 fermion
excited-state solution with central redshift z ≈ 2 × 104 and
n = 6 axis crossings, as shown in the right panel of Fig. 2.
Arrows indicate increasing radius. In the core (r . 10−4,
A ≈ 1, T ≈ 2 × 104) the fermion field moves from the
origin into the 1st quadrant with α ∝ r and β ∝ r2.
This rise continues in the power-law zone (10−4 . r . 1,
A ≈ 1/3, T ≈ 1/r) where α and β increase together, both
∝ r2, with a ratio close to the dashed line with the slope
β/α =
√
N+/N+ =
√√
3− 1/
√√
3 + 1. With T decreas-
ing, the solution transitions to the wave zone (1 . r . 20,
T ∼ 1, A ≈ 0.9), where ω T > m drives a counter-clockwise
circulation tracing a series of ellipses and crossing an axis
6 times to arrive in the 3rd quadrant. Here we encounter
the evanescent zone (ω T < m) where α and β decay expo-
nentially with a ratio approaching the dotted line with slope
β/α =
√
m− ω/√m+ ω.
for σ = −1.
The evanescent zone, where E(r) < m, requires α
and β to have the same sign so that the m term in the
Dirac equation (27)-(28) drives exponential decay of the
fermion fields. Thus the solutions must end in the 1st
or 3rd quadrants of the (α, β) plane. The ground state,
n = 0 begins and ends in the first quadrant, and is domi-
nated by α at small r. The n = 1 state begins in the 4th
quadrant, with β < 0 dominating α > 0 at small r, then
crosses into the 1st quadrant before the evanescent decay.
The n = 2 state starts in the 1st, circulates through the
2nd and ends in the 3rd quadrant. The n = 3 state starts
in the 4th, circulates through the 1st and 2nd, and ends
in the 3th quadrant. In this way we have a countably-
infinite tower of infinite-redshift excited states each with
a singluar power-law zone, a wave zone with n fermion
nodes, and an evanescent decay.
VI. THE RELATIONSHIP TO FSY’S
FINITE-REDSHIFT SOLUTIONS
We now relate our infinite-redshift solutions to the
finite-redshift solutions obtained by FSY by restoring the
boundary condition that all fields in (7)-(10) should be
10-6 10-4 10-2 1 1000.001
0.0100.100
110
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1.21.4
FIG. 4. A numerical solution of the FSY equations with finite
central redshift (z ≈ 2× 104) embedded in an asymptotically
flat spacetime, plotted relative to the pure power-law solution.
Note the extended region of r in which the numerical solution
follows the pure power-law form. The damped oscillations,
highlighted in the inset, are discussed in Appendix C.
regular at r = 0. Assuming that each field can be ex-
panded in a Maclaurin series around r = 0, this implies
the following asymptotic behavior at small r:
α(r) = rN/2
(
α0 + α1 r +O(r2)
)
; (30)
β(r) = rN/2
(
β0 + β1 r +O(r2)
)
; (31)
A(r) = 1 +O(rN ); (32)
T (r) = T0 +O(rN ). (33)
(We note that α0 > 0, α1 = 0, β0 = 0, and
β1
α0
=
ω T0 −m
N + 1
(34)
for α-dominated states with σ = +1 and n even, while
β0 < 0, β1 = 0, α0 = 0, and
α1
β0
= −ω T0 −m
N + 1
(35)
for β-dominated states with σ = −1 and n odd.)
These non-singular solutions have a finite central red-
shift, z = T0 − 1. Imposing the boundary conditions
(30)–(33) introduces a new zone in the centre of the soli-
ton, which we call the ‘core zone’.
In the core zone, for the case where the redshift is
reasonably large (z & 1), the fields α, β, A, and T in-
terpolate between their r = 0 values and the functional
forms given by the power-law solution (16). The transi-
tion occurs at the radius
r0 ≈ Tp/T0 = Tp/(1 + z). (36)
70.4 0.6 0.8 1.
FIG. 5. Phase diagram for the ground-state N = 2 solution,
showing the length-contraction metric parameter A(r, z) as
a function of radius r and central redshift z. This log-log
plot covers a wide range of r and z. Contours are drawn
at A = (0.99, 2/3, 1/3). Regions of approximately flat space
(A ≈ 1, red) include the core at r < r0 ∼ 1/(1 + z) and the
evanescent zone at r > R ∼ 1. The power-law zone (A ≈ 1/3,
red) occupies the triangular region between r0 ∼ 1/z and
R ∼ 1, with an apex near z ∼ 1. The A = 1/3 contour shows
the damped oscillations of A above and below its pure power-
law value, launched by the overshoot at the inner edge of the
power-law zone. Because the core radius r0 ∝ 1/(1 + z), the
power-law zone oscillations in ln r at fixed z correspond to
oscillations in ln z at fixed r.
or alternatively
r0 ≈ N + 1
E0 −m
√
N−
N+
, (37)
obtained by comparing the ratio of the fermion fields
from both power law and core predictions. This change
in behavior is shown in the right-hand panels of Fig. 1
(for the ground-state case) and Fig. 2 (for the n = 6
excited-state case). Here, in addition to the boundaries
between zones that were visible in the infinite-redshift
case, there is now a new boundary at r0 ≈ 10−4 between
the core and power-law zones.
Fig. 4 shows a comparison between the excited-state
finite-redshift solution in the right-hand panels of Fig. 2
and the pure power-law solution (16), created by plotting
the fermion and metric fields divided by their power-
law values. We see that, over many decades in r, the
two solutions match essentially perfectly. Note that,
at the boundary between the core and power-law zones
(r0 ≈ 10−4), the core-zone solution ‘overshoots’ the in-
finite redshift power-law solution, creating oscillations
in the fermion and metric fields that die away with in-
creasing radius. These can be described quantitatively
as perturbative corrections to the power-law solution, a
topic which is further developed in Section VII and Ap-
pendix C.
(a)
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FIG. 6. Phase diagram for the N = 2 fermion excited-state
solution with n = 12 nodes in the fermion wave function.
(a): The length-contraction metric field A(r, z) as a function
of radius r and central redshift z, with contours at 0.99, 2/3
and 1/3. Comparison with Fig. 4 shows that for r < 1 the
core (A ≈ 1,blue) and power-law (A ≈ 1/3, red) zones are
essentially unchanged. The excitation inserts a wave zone
(A ≈ 0.9, light blue) between the power-law and evanescent
zones. (b): β/
√
α2 + β2 with contours at 0, to highlight the
wave-zone oscillations in r, and at
√
1
2
− 1
2
√
3
≈ 0.459, to
highlight the power-law zone damped oscillations in ln r.
The size of the core zone, r0, is determined by the
distance needed for the fields at r < r0 to reach their
power-law values, which is in turn determined by the
redshift z. As z decreases, the core zone expands, re-
placing the inner part of the power-law zone. At z ∼ 1
the power-law zone disappears and the core zone subse-
quently connects directly to the wave zone (or evanescent
zone in the ground-state case) without any intervening
power-law behavior. This is illustrated in the phase di-
agram, Fig. 5, which has been constructed by combin-
ing the graphs of the length-contraction parameter A(r)
from ground-state N = 2 solutions with a wide range
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FIG. 7. The fermion frequency, ω, as a function of fermion
mass, m, for the family of ground-state solutions to the FSY
equations. As the central redshift is increased, points ever
closer to the center of the spiral are generated. Thus the
very center corresponds to the infinite redshift case, i.e. the
one in which the power-law zone expands all the way to r =
0. The red cross marks the (m,ω) value of an infinite red-
shift soliton for the ground state. The predicted co-ordinates
(0.4151, 0.3452) match the centre exceedingly well.
of redshifts. As the redshift is reduced, the core–power-
law boundary at r0 ≈ 1/(1 + z) and the power-law–wave
boundary at R ≈ 1 approach each other. For redshifts
z . 1 the power-law zone is eliminated entirely.
A phase diagram showing A(r, z) for the n = 6 excited-
state solution is presented in Fig.6. Comparing the phase
diagram showing A(r, z) for the N = 2 ground state in
Fig. 4 and that for the n = 6 excited state in Fig 5a in-
dicates that the core and power-law zones are essentially
unchanged, but a wave zone with A ≈ 0.9 forms out-
side r ∼ 1 between the power-law and evanescent zones
for z > 1 or between the core and evanescent zones for
z < 1. The oscillating fermion fields are more clearly seen
in Fig. 6 b showing β/
√
α2 + β2. This indicates where
the hole-like (β) component is significant. β is small in
the core and evanescent zones. In the power-law zone,
the analytic estimate is
β2
α2 + β2
=
N−
N+ +N−
=
1
2
− σ√
3N
. (38)
The damped oscillations in ln r are evident in the power-
law zone. In the wave zone β oscillates in r above and
below 0, with 3 maxima and 3 minima before the expo-
nential decay in the evanescent zone.
VII. OSCILLATIONS AROUND THE POWER
LAW SOLUTION: ORIGIN OF THE FSY
SPIRALS
As shown in Fig. 7, the high-redshift soliton properties,
such as the fermion mass m and the fermion frequency
ω, spiral around and converge upon the infinite-redshift
0.01 1 100 104
0.2
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FIG. 8. Dependence of the ground-state N = 2 soliton pa-
rameters, m, ω, M , with central redshift z. Black dots mark
extrema. In the low-redshift limit, z << 1, the fermion mass
m, energy ω and the ADM mass per fermion M/N all con-
verge to the same power-law ω ∝ z1/4. With redshift in-
creasing toward z ∼ 1, all 3 parameters drop below the z1/4
asymptote, attaining maxima at slightly different redshifts
with ω < M/N < m. The solitons are energetically bound
up to the redshift where M/N exceeds m. and unstable to
fragmentation at higher redshifts. All 3 parameters undergo
damped oscillations in ln z around different asymptotic values
as z → ∞, where ω < m < M/N . The ω oscillations in ln z
have a phase shift relative to those of m and M , resulting in
the spiral pattern in the m vs ω plane of Fig. 7.
limit (marked with a red dot in Fig.7). This spiral arises
because these soliton properties oscillate with increasing
redshift before converging to their infinite-redshift values,
as shown in Fig. 8; since the oscillations are not in phase
with each other the result is a spiral rather than a straight
line. We note that, as shown in Fig. 8, these oscillations
are periodic in ln z rather than in central redshift z.
These oscillations can be understood as a consequence
of damped oscillations around the power-law solution
that are excited at the redshift-dependent core radius
r0 = Tp/(1 + z). It is clearly not possible, in the generic
case, for the core-zone solution (30–33) to match on per-
fectly to the power-law solution (16) at the radius r0
where they meet. There must therefore be a range of
radii around that point where the solutions ‘adjust’ from
the core-zone to the power-law behavior. We show in
Fig. 4 an example of this: the inset shows in more detail
the small oscillations that the fermion and metric fields
undergo relative to the pure power-law behavior (16) as
they enter the power-law zone. These oscillations are pe-
riodic in ln r, not in r, mirroring the logarithmic property
of the oscillations in Fig. 8.
This behavior can be described in terms of small mul-
9tiplicative corrections to the power-law solution:
α(r) = αp r
(
1 +  α1(r) +O(2)
)
, (39)
β(r) = βp r
(
1 +  β1(r) +O(2)
)
, (40)
A(r) = Ap
(
1 + A1(r) +O(2)
)
, (41)
T (r) = Tp r
−1 (1 +  T 1(r) +O(2)) , (42)
where αp, βp, Ap, and Tp are given in (17–18). Substi-
tuting these into the m = 0 version of the FSY equa-
tions, (12–15), and neglecting terms O(2), we obtain
coupled differential equations for the corrections α1(r),
β1(r), A1(r), and T 1(r).
These equations are presented and solved in Ap-
pendix B. Of the four eigenmodes we obtain, one grows
as a power law in r, one decays as a power law in r, and
the remaining two show oscillations periodic in ln r as
they decay. This matches the periodicity in ln r of the
oscillations seen in numerical solutions such as Fig. 4.
The damped oscillations in ln r induce damped oscil-
lations in the high-redshift soliton properties m ω, M ,
and R as functions of redshift, as shown in Fig. 8. These
arise as follows. The oscillations in ln r are excited at ra-
dius r0 ≈ Tp/(1+z), where the core-zone fields encounter
and overshoot the power-law solution. The perturbation
analysis in Appendix B indicates that the oscillation am-
plitude then decreases as 1/r, and thus the initial am-
plitude decreases by a factor r0/R at radius R outside
which ω T < m, marking entry into the evanescent zone.
Because the oscillating fields are perturbed above or be-
low the power-law solution, so will be the radius R at
which they enter the evanescent zone, thus altering the
soliton properties m, ω and M .
VIII. PHYSICAL PROPERTIES OF THE
FERMION CLOUD
The physical properties of the fermions in the FSY soli-
tons provide another distinction between the four zones
described above. In Fig. 9, we plot the energy den-
sity ρ and the radial and azimuthal pressures, Pr and
P⊥ respectively, as functions of radius for the N = 2
fermion n = 6 excited-state solution with central red-
shift z ≈ 2 × 104. Equation-of-state parameters, sim-
ply dividing the pressures by the energy density, are
shown in Fig. 9b. The fermion stress-energy tensor,
for the spherical-polar coordinates xµ = (t, r, θ, φ), is
Tµν = diag (ρ,−Pr − P⊥,−P⊥). The fermion energy den-
sity is
ρ =
N ω T 2
(
α2 + β2
)
r2
= η E . (43)
where η is the fermion number density and E ≡ ω T . The
radial pressure is
Pr =
N T
r2
(
α2E+ + β
2E− − σN αβ
r
)
, (44)
(a)
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FIG. 9. (a) Radial profile of the fermion energy density ρ,
radial pressure Pr, and azimuthal pressure P⊥. (b) Equation-
of-state Pr/ρ for the radial and P⊥/ρ for the azimuthal pres-
sures. The parameters are σN = 2, n = 6, and z ≈ 2 × 104,
as in Figures 2 to 4. Vertical dashed lines mark transitions
from the core to power-law to wave to evanescent zones.
where E± ≡ E ±m, and the azimuthal pressure is
P⊥ =
σN2 T αβ
2 r3
. (45)
The radial and azimuthal pressures behave quite differ-
ently in the four distinct zones.
The high-redshift core zone, r . r0 ≈ 10−4, is ap-
proximately uniform and isotropic. The fermion energy
density and pressure are independent of radius, and the
fermionic matter is isotropic, i.e. the radial and azimuthal
pressures are equal, with P/ρ = 1/3. Here the space is
flat (A ≈ 1) and the fermions resemble an isotropic dis-
tribution of massless particles moving at the speed of
light.
In the power-law zone, 10−4 . r . 1, we have the
fermion number density η ≈ 1/ (12piN Gr), the energy
per fermion ω T ≈ N/r, and thus the energy density
ρ = ω T η ≈ 1/ (12piGr2). The azimuthal pressure
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is P⊥ ≈ ρ/2, and this dominates over Pr by around
two orders of magnitude. The radial pressure actually
vanishes in the pure power-law solution, but here it os-
cillates above and below 0 as a result of the power-
law zone oscillations in ln r. Interestingly, for a metric
with T ∝ 1/r the classical circular orbit speed, given by
v2 = −d lnT/d ln r, is the speed of light at all radii. Here
in the power-law zone the fermions resemble a collection
of massless particles on circular orbits with an isotropic
distribution of orientations.
In the wave zone, 1 . r . 20, the energy density ρ
continues to decline but also starts to oscillate. Minima
in ρ correspond to sign changes in P⊥ such that ρ in-
creases with r where P⊥ < 0. The radial pressure Pr
is now dominant and declines monotonically, while the
azimuthal pressure P⊥ is small and oscillating around 0.
Here the fermions resemble standing waves in a spheri-
cal cavity, bouncing between the interior power-law zone
and the exterior self-generated gravitational potential.
Finally, in the evanescent zone, r & 20, the fermion
energy density ρ decays exponentially to zero and the
pressures decrease even faster, becoming increasingly az-
imuthal, with P⊥/ρ ∝ r−1 and Pr/ρ ∝ r−2. Here the
fermions resemble a collection of low-velocity test parti-
cles on elliptical orbits with isotropic orientations and a
range of radial turning points such that fewer reach larger
radii.
IX. SUMMARY AND OUTLOOK
In this paper, we have presented a power-law solution
of the FSY equations for a filled shell holding an even
number N of neutral fermions interacting via the de-
formable spacetime metric of Einsteinian gravity. This
power-law solution does not obey the boundary condi-
tions that FSY imposed: its central redshift is infinite,
and its fermion wave function is not normalizable.
Nonetheless, it is in some sense a ‘key’ to understand-
ing the 4-zone structure of the full set of FSY solutions.
The evanescent zone at large r (together with its preced-
ing wave zone, where applicable) can be thought of as
a deviation from the power-law solution due to the non-
negligibility of the fermion mass m, which restores the
normalizability of the fermion wave function. Likewise,
the core zone at small r can be thought of as a deviation
from the same power-law solution due to the requirement
of a finite central redshift.
If we relax the requirement for a finite central redshift
but keep the requirement that the fermion wave function
be normalized, we obtain a set of infinite-central-redshift
solutions that match the high-central-redshift limit of the
known FSY solutions, i.e. that lie at the center of spirals
like the one in Fig. 7.
We can go further: The existence of such spirals is ex-
plained by the existence of the power-law solution. As
shown in Section VII, the failure of the core-zone solu-
tion to connect precisely to the power-law-zone one re-
sults in oscillations in the fermion and metric fields that
are periodic in ln r. As we can see from the phase plots in
Figs. 5 and 6, these oscillations follow the core–power-law
boundary down to low red-shift, where they become os-
cillations of physical observables (such as the ADM mass
and size of soliton) that are periodic in ln z, where z is
the central redshift.
It would be interesting to extend this analysis to the
case where more than one shell of fermions is filled. This
would provide a theory of gravitationally localised states
that contain an arbitrarily large filled sphere of fermionic
matter. We expect the physics of such systems to have
connections to cases previously studied in astrophysical
contexts. In particular, they should exhibit the same
kind of gravothermal catastrophe discussed by Lynden-
Bell and Wood [10], where spirals similar to those in
Fig. 7 and oscillations similar to those in Fig. 8 are ob-
served. We plan to discuss this matter further in a future
work.
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Appendix A: Explicit expression for 2-spinors
The full 2-spinors are given by
χkj− 12 (θ, φ) =
√
4pi(j + k)
2j
Y
k− 12
j− 12
(θ, φ)
(
1
0
)
+
√
4pi(j − k)
2j
Y
k+ 12
j− 12
(θ, φ)
(
0
1
)
, (A1)
χkj+ 12
(θ, φ) =
√
4pi(j + 1− k)
2j + 2
Y
k− 12
j+ 12
(θ, φ)
(
1
0
)
−
√
4pi(j + 1 + k)
2j + 2
Y
k+ 12
j+ 12
(θ, φ)
(
0
1
)
, (A2)
where Y ml (θ, φ) denote the standard spherical harmonic
functions. Differing from Finster et al., an inconsequen-
tial factor of
√
4pi has been introduced to the 2-spinors so
that the general system of equations reduces the original
N = 2 system given by [1].
Appendix B: Numerical solution of the FSY
equations
For finite-redshift states, following FSY, we seek nu-
merical solutions of the equations (7–10) in which the
fermion fields α and β tend to zero at large r and the
metric field T tends to a constant. We initialize the nu-
merical solver at a small but non-zero radius r = rmin
using the small-r analytic forms of the unscaled solution.
These are similar to (30–33), but with unscaled parame-
ters:
αSR(r) = αu0 r
N/2; (B1)
βSR(r) = βu1 r
(N/2)+1; (B2)
ASR(r) = 1; (B3)
TSR(r) = 1, (B4)
where
βu1 =
ωu −mu
N + 1
αu0. (B5)
(The subscript ‘u’ here indicates ‘unscaled’ quantities.)
The free parameters in this small-r solution are: αu0,
which we choose arbitrarily, and which determines the
central redshift of the eventual scaled solution; mu, the
fermion mass, which we set to 1; and ωu > 1, the fermion
frequency.
To find a numerical solution in which the fermion fields
tend to zero at large r, we tune the fermion frequency ωu
while keeping αu0 fixed. Because this tuning can be car-
ried out only to finite precision, our numerical solutions
terminate at a finite radius rmax, at which there is either
an additional zero of one of the fermion fields (if ωu is
slightly too high) or an extremum preceding a divergence
of the field to infinity (if ωu is slightly too low).
Following FSY, we now aim to rescale our numerical
solution to make the fermion fields normalized and to
ensure that limr→∞ T (r) = 1. However, this requires
knowledge of the functions over the whole line r ∈ (0,∞),
whereas our numerical solutions cover only the finite in-
terval r ∈ (rmin, rmax). We therefore begin by matching
our numerical solutions to the known small-r and large-r
asymptotic forms.
The large-r asymptotic expressions, in terms of a di-
mensionless radius x ≡ r/a, and the corresponding di-
mensionless gravitational radius γ ≡ GM/a, are
αLR(r) = α∞ xb e−x
(
1 +
αe1
x
)
; (B6)
βLR(r) = α∞ xb e−x
√
mu − ωu τ
mu + ωu τ
(
1 +
βe1
x
)
; (B7)
ALR(r) = 1− 2 γ
x
; (B8)
TLR(r) = τ
(
1− 2 γ
x
)−1/2
. (B9)
Here the fermion decay scale a and leading exponent b
are
a =
(
m2u − ω2u τ2
)−1/2
; (B10)
b = γ
(
ω2u τ
2 a2 − 1) . (B11)
The sub-leading coefficients of the expansion in powers
of 1/x are
αe1 =
Σe1 + ∆e1
2
, βe1 =
Σe1 −∆e1
2
, (B12)
where Σe1 and ∆e1 are given by
∆e1 = γ a
2mu ωu τ − σN
2
(B13)
Σe1 =
N2
4
+ γ2
(
3− a2 ωu τ (5ωu τ +mu)
)
(B14)
(The subscript ‘e’ here stands for ‘evanescent’.)
Matching the small-r expressions to our numerical
solution is unproblematic, since we used them as the
boundary conditions for our numerical solution at r =
rmin. However, to match our numerical solution to the
above large-r expressions we must determine the three
unknown parameters M , τ , and α∞.
Since the errors in the fields T and A at rmax are much
smaller than those in the fields α and β, we first deter-
mineM and τ by matching the numerically determined A
and T fields to their large-r expressions at rmax. Specif-
ically, we estimate τ and M as
τ =
√
Anum(r)Tnum(r)
∣∣∣
r=rmax
; (B15)
M =
r
2
(1−Anum(r))
∣∣∣
r=rmax
, (B16)
where Anum and Tnum are the solutions for A and T given
by the numerical solver.
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Matching the fermion fields at rmax would be unsafe,
since there they are strongly affected by our small er-
ror in the value of ωu. Therefore, we instead look for
a radius inside rmax where the numerically determined
α and β approach most closely their analytically deter-
mined large-r ratio, i.e. where(
βnum(r)−
√
mu − ωuτ
mu + ωuτ
(
x+ βe1
x+ αe1
)
αnum(r)
)2
(B17)
is minimized. Calling this radius r˜0, we actually do the
matching of the fermion fields at a somewhat lower ra-
dius, r0 ≡ 4 r˜0/5. This is because (B17) may actually
become zero if the numerically determined ratio crosses
the analytically determined one: that is clearly a min-
imum, but it occurs at a radius where the numerically
determined fermion fields have already begun to diverge
from the correct large-r asymptotic form. Having thus
determined r˜, we set αnum(r0) = αLR(r0), thereby deter-
mining α∞. This means that there is a slight jump in
β(r) at r0, but this is an unavoidable consequence of the
slight residual error in our numerical solutions.
These matching procedures yield a set of four func-
tions, {αu(r), βu(r), Au(r), Tu(r)}, which are defined on
the whole interval r ∈ (0,∞). These do not yet satisfy
conditions (i) and (ii): although the fermion fields are
normalizable, they are not yet normalized, and although
the field Tu(r) has a finite value as r →∞, that value is
not 1. To remedy this, we follow FSY and define scaled
versions of the fields:
α(r) ≡
√
τ
λ
αu (λr) ; (B18)
β(r) ≡
√
τ
λ
βu (λr) ; (B19)
A(r) ≡ Au (λr) ; (B20)
T (r) ≡ 1
τ
Tu (λr) , (B21)
where
λ =
4pi ∞∫
0
(
α2u + β
2
u
) Tu√
Au
dr
1/2 , (B22)
and τ = limr→∞ Tu(r) was obtained in (B15) during
the matching procedure. The functions (B18–B21) sat-
isfy the equations (7–10) but for different values of the
fermion mass m and the fermion frequency ω:
m = λmu; (B23)
ω = λ τ ωu. (B24)
They obey the correct normalization condition,
4pi
∞∫
0
(
α2 + β2
) T√
A
dr = 1, (B25)
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FIG. 10. One-to-one relationship between boundary condition
parameter α0 and the central redshift z = T (0)−1 for ground
state solutions with N = 2 fermions. The change of gradient
reflects the emergence of the new power law regime for the
solutions.
and the metric field T has the correct large-r limit,
lim
r→∞T (r) = 1. (B26)
The parameter α0, which we chose arbitrarily at the
beginning of the process, determines the central redshift
z = T (r = 0) − 1 of the eventual scaled solution. There
is a one-to-one relationship between α0 and z as shown
in Figure 10. All α0 values required to generate the solu-
tions in this paper are presented, with their correspond-
ing redshift, as follows: Figures 1-4 and 9 have α0 = 20
corresponding to a redshift z = 20, 028 for Figure 1 and
z = 18, 247 for Figures 2-4 and 9.
The procedure for numerically determining solutions
of the FSY equations with infinite central redshift is sim-
ilar, except that we use the power-law solution of the
FSY equations from Section III in place of the small-
r expansion (B1)–(B4). The small-r condition for the
infinite-redshift solitons is thus given by
αPL(r) = αup r, (B27)
βPL(r) = βup r, (B28)
APL(r) = Aup, (B29)
TPL(r) =
Tup
r
. (B30)
Here the ‘u’ stands for ‘unscaled’, while the ‘p’ stands for
‘power-law’. The coefficients in (B27–B30) are given by
α2up =
ωu
12piGσN2Nu−
,
(
βup
αup
)2
=
Nu−
Nu+
,
Aup =
1
3
, Tup =
Nu
ωu
, (B31)
where Nu± ≡ σN
2
±√Aup and
Nu ≡ (Nu+Nu−)1/2 =
(
N2
4
− 1
3
)1/2
. (B32)
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The rest of the procedure is as in the finite-redshift case:
we tune ωu until the fermion fields become normalizable,
and then we use the same two-parameter scaling proce-
dure to normalize the fermions and make the spacetime
asymptotically flat as r →∞.
Appendix C: Perturbations around the Power Law
To investigate the oscillations around the power-law
solution we consider perturbations of the power-law func-
tions, introducing a small parameter  > 0:
A(r) = Ap (1 +  A1(r) +O(2)) (C1)
T (r) =
Tp
r
(1 +  T 1(r) +O(2) (C2)
α(r) = αp r (1 +  α1(r) +O(2)) (C3)
β(r) = βp r (1 +  β1(r) +O(2)) (C4)
(C5)
and linearizing the EDM equations for the behavior of
the functions A1, T 1, α1 and β1 (note that the overhead
bar is mere notation and does not indicate conjugation).
This reduces to a system of equations of the form
dy
d ln r
= M y +mr (c+ S y) , (C6)
where y(r) =
(
α1(r), β(r), A1(r), T 1(r)
)T
is the 1 × 4
column vector giving the O() perturbations around the
power-law solution, c is an r-independent 1 × 4 column
vector, M and S are r-independent 4× 4 matrices.
Neglecting them terms, we have an eigenvalue problem
with the matrix
M =

K − 1 1−K − 12 1−K
1 +K −1−K − 12 1 +K
−2− 2K −2 + 2K −1 −4
−1/K 1/K 32 −1
 (C7)
where K ≡ √3σN/2 = (N+ + N−)/(N+ − N−). The
matrix M is independent of r and depends only on the
parameter σN . The eigenvalue problem has solutions of
the form
y(r) =
4∑
j=1
Aj exp (λj ln r) Vj =
4∑
j=1
Aj r
λj Vj , (C8)
where λj are the eigenvalues and the corresponding right
eigenvectors Vj are weighted by (complex) amplitudes
Aj .
The trace Tr (M) = −4 is the sum of the 4 eigenvalues.
Writing the eigenvalues as λ = q − 1, the constituent
equation is
0 = Det (M− λ I) = q4 + q2 + 10− 12K2 . (C9)
Note that 12K2 = 9N2, so that the eigenvalues depend
on N but not on σ. Solving the quadratic equation for
q2, the 4 roots are
q = ±
√
−1
2
±
√
1
4
+ 12K2 − 10 . (C10)
This gives 2 real eigenvalues
λ±p = −1±
√
−1
2
+ 3 N¯ ≡ −1± p , (C11)
and a complex conjugate pair
λ±k = −1±
√
−1
2
− 3 N¯ ≡ −1± i k , (C12)
where
N¯ ≡
√
N2 − 13
12
. (C13)
The two real eigenvalues, λ±p = −1 ± p, give one rising
mode, rp−1, and one falling mode, r−(1+p). The complex
conjugate pair, λ±k = −1± i k, combine to give damped
oscillations in ln r with wavenumber k and a 1/r decay
envelope. It is these damped oscillations that give rise to
the spiral curves such as in Fig. 7. The even spacing of the
oscillations in ln r can be seen in log-log plots of the our
numerical solutions, and the corresponding oscillations of
ω m, and M with central redshift log z in Fig. 8.
The eigenvectors give the specific mix of fields involved
in each of the four modes. Solving MV = (q − 1) V, the
right eigenvectors of M are
V ∝

−6K − q2
−6K + q2
4
(
q2 − 2)
6
+ q

− (q2 + 4)
+
(
q2 + 4
)
4
6
 . (C14)
For the two real eigenvalues, q = ±p,
V±p ∝

−6K − p2
−6K + p2
4
(
p2 − 2)
6
± p

− (p2 + 4)
+
(
p2 + 4
)
4
6
 . (C15)
For the complex conjugate pair, q = ±i k,
V±k ∝

−6K + k2
−6K − k2
−4 (k2 + 2)
6
± i k
 4 + k
2
4− k2
4
6
 . (C16)
In these expressions the eigenvectors are not normalized
in any particular way. The general solution given by (C8)
scales these 4 eigenvectors by 4 complex amplitudes Aj .
Requiring the 4 field perturbations to be real provides
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4 constraints, leaving 4 real parameters. The general
solution, in terms of real functions of r, is thus
y(r) = A+V+p r
p−1 +AC VC
cos (k ln r)
r
+ A−V−p r−1−p +ASVS
sin (k ln r)
r
.
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Here A+ and A− are (real) amplitudes for the rising and
falling modes, AS and AC are (real) amplitudes for the
sine and cosine components of the damped oscillations,
and V±k = VC ± iVS .
It is worth noting implications of the positive eigen-
value, λ+p, which causes perturbations to grow as r
p−1.
The existence of this positive eigenvalue is not yet fully
understood since the magnitude of its corresponding
eigenvector does not seem to be negligible and yet the
observed numerical solutions display damping of oscilla-
tions over lengths in ln r of order ln z for z >> 1. We
conjecture that the fine-tuning of ω effectively suppresses
the excitation of this growing eigenmode so that its am-
plitude becomes important only at r ∼ 1 where ω T < m
marks entry into the evanescent zone.
The radial dynamics of the finite-redshift solutions
may thus be summarized as follows: The fields are
launched from r = 0 with the boundary conditions A = 1,
T = T0 = 1 + z, α = β = 0. In the core, r < r0, the
dominant σN/r terms in the Dirac equation drive up
the fermion amplitude as rN/2. With the fermion den-
sity then rising as η ∝ rN−2, the metric fields A and T
begin to decrease with an rN term. In the high-redshift
case, where ω T0 >> m, the fields approach the power-
law solution, arriving at r ∼ r0 ≈ 1/(1 + z). But they
overshoot the power-law solution, exciting the damped
oscillations, and thus spiral around and converge toward
the power-law solution until being ejected by the growing
mode. In the excited states, this ejection occurs where
ω T (r) > m, driving wave-zone oscillations until entry
into the evanescent zone. Once ω T (r) < m, the mass
terms drive exponential decay of the fermions, and leav-
ing an exterior Schwarzshild metric.
